Abstract. The conventional quantization of the harmonic oscillator in terms of operators Q and P can be implemented with the help of irreducible unitary representations of the Heisenberg-Weyl group which acts transitively and effectively on the simply connected classical phase space Sq,p ∼ = R 2 . In the description of the harmonic oscillator in terms of angle and action variables ϕ and I the associated phase space Sϕ,I corresponds to the multiply connected punctured plane R 2 − {0} , on which the 3-dimensional symplectic group Sp(2, R) acts transitively, leaving the origin invariant. As this group contains the compact subgroup U (1) it has infinitely many covering groups. In the here relevant irreducible unitary representations (positive discrete series) the self-adjoint generator K0 of U (1) represents the classical action variable I. It has the possible spectra n + k, n = 0, 1, . . . ; k > 0 , where k depends on the covering group. This implies different possible spectra for the action variable Hamiltonian ωK0 of the harmonic oscillator. On the other hand, expressing the operators Q and P (non-linearly) in terms of the three generators K0 etc. of Sp(2, R) leads to the usual framework. Possible physical (experimental) implications and generalizations to higher dimensions are discussed briefly.
1. Introduction: Angle and action variable for the HO It may appear as a provocation or even a joke to present a contribution on the old-fashioned harmonic oscillator (HO in the following) to an established international conference devoted to current and relevant research in physics! But see for yourself! The basics for the present paper are described in my long article [1] which contains a wealth of references to the work of others which will not be quoted here again. The present contribution will sketch the main idea and emphasize some new important physical aspects. The canonical Eqs. of motionṗ = −b q , p = Mq , b > 0 ,
for the HO can be simplified by the canonical transformation q(ϕ, I) = 2 I M ω cos ϕ , p(ϕ, I) = − √ 2 M ω I sin ϕ , ω = b/M ,
which is locally symplectic:
dq ∧ dp = dϕ ∧ dI , or ∂(q, p) ∂(ϕ, I) = 1 .
It is singular for (q, p) = (0, 0), I = 0 (equilibrium or critical point) corresponding to the branch point I = 0 of √ I .
The Hamiltonian is now given by:
implying the (ϕ, I)-Eqs. of motionφ
They have the solutions
Here the angle ϕ is essentially the time variable t. Notice that t does not stop after a period ω t = 2π+ϕ 0 ! We now have two globally different phase spaces for the HO:
and
The phase space S ϕ,I is topologically a simple cone with the tip deleted:
It may also be interpreted as the orbifold
It is shown in Ref.
[1] (the reasons will briefly be indicated in the next Sec.) that the proper global coordinates on S ϕ,I are the following ones:
which obey the Pythagorean relation
The invariant measure on S ϕ,I is
The h j (ϕ, I) obey the Poisson Lie algebra
where
Thus, the h j generate the isomorphic simple Lie algebras
This is an analogue of the nilpotent Poisson Lie algebra of the Heisenberg-Weyl group:
On S ϕ,I the basic "observables" for the construction of Hamilton functions are now the h j , j = 0, 1, 2. Simple examples are:
with the Eqs. of motionφ
so that
The energy
is not conserved! Conserved is the action variable
has bounded periodic motions on S q,p then the associated action variable is defined as
where C(E) is the closed contour in phase space, determined by the relation H(q, p) = E. Here I(E) is the area of the phase space region with boundary C(E), For the Morse potential
e.g., one gets
(iii) Example where H = H(ϕ, I) depends only on some h j :
Here
Solutions of the associated Eqs. of motion are:
2. Brief justification of the global coordinates h j , j = 1, 2, 3 on S ϕ,I I sketch briefly the justification for the choice (10) of the global basic coordinates h j on the phase space S ϕ,I . The main tool is "group theoretical quantization" as developed by Isham, Sternberg and others. Details and references can be found in Ref. [1] . One has to look for an appropriate symplectic and transitive transformation group on the phase space in question. In our case the 3-parametric symplectic group
(being isomorphic to the groups SL(2, R) ∼ = SU (1, 1)) is defined by
It acts on the real plane R 2 in an obvious way by matrix multiplication of (q,p) T ∈ R 2 . The action of G leaves the origin (0, 0) invariant and therefore is the proper "canonical" group of the punctured plane
with g acting symplectically:
N.b.: quantities with "tilde" are made dimensionless by using the intrinsic length λ 0 = /(ω M ) and :q = q/λ 0 ;p = λ 0 p/ In order to derive the coordinates (10) one needs the 1-dimensional subgroups
A :
Given a smooth function f (x) each subgroup {g(u), g(u = 0) = 1} induces a global Hamiltonian vector field
where A is a vector field of the type
For the above subgroups R, A and B the corresponding Hamiltonian functions j(x) are
where the relations (2) have been used. Thus, by a very simple symplectic rescaling I/2 → I, 2ϕ → ϕ, j 1 → −j 1 , j 2 → −j 2 one obtains the basic coordinates (10). In other words: the global coordinate functions h j (ϕ, I) on S ϕ,I are determined by the action of the "canonical" symplectic group Sp(2, R) on S q,p;0 |,! Compare this to the analogous global coordinate functions q and p on S q,p , where the canonical group consists of the translations
which generate on S q,p the vector fields
with the associated global Hamiltonian functions
Let me add some structural relations on the classical level: The coordinates h j , j = 0, 1, 2, transform as vectors with respect to the group SO ↑ (1, 2) = Sp(2, R)/Z 2 , whereas the coordinates q, p transform as vectors with respect to the group Sp(2, R) which is a twofold covering of SO ↑ (1, 2). The phase spaces S ϕ,I and S q,p may be represented as homogeneous spaces as follows:
which again yield the orbifold S ϕ,I = S q,p /Z 2 .
3. Quantum mechanics for angle and action variables of the HO The quantization of the global "coordinates" h j from Eq. (10) is implemented by promoting them to self-adjoint operators,
which obey the associated Lie algebra (13):
The self-adjoint generatorsK j may be obtained from unitary irreducible representations of the associated groups SO ↑ (1, 2), Sp(2, R) [ = SL(2, R), SU (1, 1)] or one of their infinitely many covering groups. AsK 0 is the generator of a maximal compact abelian subgroup, its eigenstates may used as a Hilbert space basis:
where k is some real number ("Bargmann index"). With
it follows from the relations (49) that
If there exists a |k, 0 such thatK k . The Group SO ↑ (1, 2) has infinitely many covering groups because its compact subgroup SO(2) ∼ = S 1 is not simply connected! Let us denote the m-fold covering by
Its irreducible unitary representations have the indices
This shows that k min = 1/m can be arbitrarily small > 0 if m is large enough! The 2-fold coverings
has eigenvalues
However, the (ϕ, I)-Hamiltonian
can have spectra
How to reconcile the two results if k = 1/2 ? Interesting enough there exists an operator version of the mapping (ϕ, I) → (q, p) from Eq. (2), namely
where the operators
act as usual:
This means
independent of the value of k!! So again H osc (Q, P )|k, n = ω (n + 1/2) |k, n ,
where now
Thus, the (ϕ, I)-variable QM of the HO is more subtle than its conventional (q, p)-variable one, due to the topologically non-trivial classical phase space S ϕ,I ! As the transformation (65) "erases" the kdependence, the usual Stone-von Neumann uniqueness theorem for self-adjoint Q and P still holds! Eqs. (65) are the operator version of the classical relations
The most important physical question is, of course, whether one can detect the k-dependence experimentally. More about that below.
Simple consequences
The Casimir operator of a representation D
This means that the "classical Pythagoras" (11) is violated quantum mechanically for k = 1, e.g. for the HO with k = 1/2! The unitary time evolution is given by
i.e. time is an angle variable here! The unitary operator (72) implies the usual Heisenberg Eqs. of motion:
3.1.1. Covering groups Fort = 2π the operator (72) becomes
this implies for SO
The ground state |k, 0 has the time evolution
with the associated time period
which can become arbitrarily large for k = 1/m, m → ∞.
Some matrix elements It follows from the relations (51)-(53) that
k, n|K j |k, n = 0 , j = 1, 2,
The last relation shows that k → 0 is a kind of classical limit in the angle-action framework! The compositeQ andP have the usual properties k, n|Q|k, n = 0 , k, n|P |k, n = 0 ,
(∆Q) k,n (∆P ) k,n = n + 1/2 .
Possible applications
For applications of the angle-action framework it is important to use the variables h j and K j as primary observables, e.g. as building blocks for the construction of Hamiltonians! An additional experimental problem is how to avoid the dominance of the q-and p-degrees of freedom! For k = 1/2 a possible Hilbert space for the HO is the Hardy space characterized by 
For k = 1/2 one can use the associated Hilbert space with the scalar product (see Ref.
[1]) (f 2 , f 1 ) +,k = (f 2 , A k f 1 ) + , (A k e n )(ϑ) = n! (2k) n e n (ϑ) .
It has the orthonormal basiŝ e k,n (ϑ) = (2k) n n! e n (ϑ) , (2k) n = Γ(2k + n) Γ(2k) .
Now one hasK
